The approximate analytical solutions of the non-relativistic Schrӧdinger equation
Introduction
The solutions of the relativistic and non-relativistic quantum mechanical wave equations with various physical potentials have been regarded as an important area of research studies in quantum mechanics. Thus, the exact solutions of the wave equation with the various potential models have attracted much attention from many authors since they contain all the necessary information to study the quantum models.
It is well known that there are various traditional techniques used to solve the relativistic and non-relativistic wave equations with the various quantum potential models [1, 2, 3, 4, 5, 6, 7, 8] . These techniques include asymptotic iteration method [9, 10, 11] , supersymmetric approach [12, 13, 14, 15] , factorization method [16, 17] , Nikiforov-Uvarov method [18, 19, 20] , exact/proper quantization rule [21] , 1/N shifted expansion method [22] . Recently, Tezcan and Sever [23] , developed parametric Nikiforov-Uvarov method from the conventional Nikiforv-Uvarov method. This method has been widely used because of its simplicity and accuracy. However, there are only few potentials that can be exactly solved for in three-dimensional space such as Coulomb and Harmonic potentials. Consequently, if we intend to use analytical techniques, the use of approximation schemes is inevitable. The choice of approximation scheme employed depends on the potential type under consideration. In this study, our aim is to investigate the three dimensional space of the Schrӧdinger equation with Attractive radial potential. The Attractive radial potential was introduced in 1993 by Williams and Poulios [24] as a four parameters exponential-type potential. This potential has received attention in the relativistic regime. For instance, Zou et al. [25] , investigated the s-wave solutions of the Dirac equation with the Attractive radial potential; Eshghi and Hamzavi [26] , studied symmetry in Dirac-Attractive radial problem and tensor potential. Recently, Ikot et al. [27] , studied the symmetry limit of the Dirac equation with Attractive radial potential in the presence of Yukawa-like tensor potential. To the best of our knowledge, the Attractive radial potential has not receive any report in the non-relativistic regime.
Thus, the motivation for this study. The Attractive radial potential is given as [24] .
The parameter a and A are real and a > 1 2 ; 4 < l < 8. Obviously, the results of other useful potential can be obtained from the results of Attractive radial potential as will be seen later.
Theory/calculation

Bound state solution
In a spherical potential model VðrÞ; the time independent Schr€ odinger equation is given by [28, 29, 30, 31, 32, 33] . 
Eq. (3) cannot be solved for [ ¼ 0 because of the centrifugal term. Thus, we must apply an approximation scheme to deal with the centrifugal term. It is found that such approximation suggested by Greene and Aldrich is a good approximation to the centrifugal term 1 r 2 : For a short range potential, the following Greene-Aldrich approximation [34] .
is valid for a << 1. Now, substituting Eq. (4) into Eq. (3) we have
To solve Eq. (5) using the powerful parametric Nikiforov-Uvarov method, let us consider a second order differential equation of the form:
According to parametric Nikiforov-Uvarov method, the condition for eigenvalues and eigenfunction are respectively [23] . 
The parameters in Eqs. (7) and (8) and obtain using the relationships in Eq. (9). To obtain the solution of Eq. (5), we defining a variable of the form y ¼ e À2ar and substitute it into Eq. (5) to have
where
Eqs. (11), (12) , and (13) (14) into Eqs. (7) and (8), we have the energy equation and the corresponding wave function respectively as
Some theoretic quantities and the Coulomb-Hulthen-P€ oschlTeller potential (CHPT)
In this section, we calculate the Information energy, Tsallis entropy and R enyi entropy using the probability density obtained from the normalized radial wave function given in Eq. (16) . To begin, we first calculate the normalized wave function.
Given the radial wave function as
which is equal to the probability density rðyÞ; we can easily calculate the theoretic quantities mentioned above. Where a ¼ ffiffiffiffiffiffiffi
Normalizing the radial wave function, we have
Substitute the value of R n[ ðyÞ, Eqs. (17) and (18) after some simplifications turn to be
where we have used:
Using integral of the form given in Eq. (20) below
we have the normalization constant in Eq. (19) as
Eq. (21) gives the normalization constant.
Information energy
Information energy is defined as
EðrÞ ¼ 4p
Substitute the value of the probability density, the information energy given in Eq. (22) is simplified in Eqs. (23) and (24) to give
Using integral of the form given in Eq. (26) below,
and the normalization constant calculated in Eq. (21), the information energy in Eq.
(25) turns to the form of Eq. (27) below
Eq. (28) is the information energy.
Tsallis entropy
The Tsallis entropy is defined as
Substituting for the probability density into Eq. (29), we have
Using integral of the form in Eq. (26), the Tsallis entropy in Eq. (30) is obtain as
Simplifying Eq. (31), we have
Eq. (32) is the Tsallis entropy of the system.
R enyi entropy
The R enyi entropy is defined as
Substituting for the probability density into Eq. (33), we have
Substituting for the normalization constant with the integral in Eq. (26) into Eq. (34), the R enyi entropy is obtain as
Simplifying Eq. (35) a bit, we have
Eq. (36) gives the Rẻnyie entropy of the system.
Discussion
In Fig. 1 , we plotted the approximate energy E n;[ against the potential range a for four values of the quantum number n: It is seen from the figure that as the potential range a increases, the approximate energy increases negatively. Similarly, the energy increases negatively as the quantum number n increases. This implies that a particle subjected to this system is more attractive as it moves from the ground state level to the higher levels. Fig. 2 shows the variation of the exact energy E n against the potential range. The effects observed in Fig. 1 are also observed in Fig. 2 . In Figs. 3, 4, and 5, we plotted energy against each of the three potential strength. To achieve this, we ignore the relation given between A; B and C in the text. It is observed that a particle under the influence of the Attractive potential exhibits the same behaviour as each of the potential strength increases respectively.
Special cases of the Attractive potential were considered. 
Replacing Eq. (1) with (37), the energy Eq. (15) becomes 
Eq. (40) is the energy equation for Eq. (39).
Case 3. A situation where the relation between the potential strengths is neglected when B ¼ 0; as the
whose energy equation is given as
Eq. (42) Table 1 shows the numerical results for the Attractive potential with three values of the potential range a following the condition 4 < l < 8 and a > 1 2 : We have taken the value of l ¼ 5; 6 and 7 respectively with a ¼ 0:55; 0:65 and 0:75 for 2p, 3p, 3d, 4p, 4d, 4f, 5p, 5d, 5f, 5g, 6p, 6d, 6f and 6g states. As it can be seen from Table 1, the energy decreases as l increases. Similarly, the energy decreases as the potential range increases.
This means that our choice of approximation is vallid for a small value of the potential range. In Table 2 , we put B and C respectively to zero. The result obtained by putting them to zero is in fair agreement with the result of the Attractive potential.
Thus, the result obtained for (A and Bs0) ¼ (A and Cs0) ¼ (A; B and Cs0).
Conclusion
The [ À state solutions of the Schr€ odinger equation with Attractive potential is obtained via a straightforward technique and an acceptable approximation scheme to 
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